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Abstract
We show that charged-lepton masses can be radiatively induced in multi-Higgs doublet models
(NHDMs) through the renormalization group running of Yukawa couplings from high to low ener-
gies. Some extreme examples of electron and muon mass generation are discussed in the context
of two and three Higgs doublet models. It is also shown that quantum corrections to the Yukawa
couplings can be naturally of the same order as the tree-level values. We also comment on the
implications of considering extensions of NHDMs in which right-handed neutrinos are added.
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I. INTRODUCTION
The discovery of a Standard Model (SM) Higgs-like boson at the Large Hadron Collider
(LHC) [1] represents an important milestone on the understanding of mass generation and
electroweak symmetry breaking (EWSB). Still, and in spite of decades of theoretical inves-
tigation, the reason why fermion masses span over several orders of magnitude remains in
terra incognita. The quark and charged-lepton mass pattern suggests that third-generation
masses arise at the classical level whereas the remaining ones originate from quantum correc-
tions. This hypothesis, based on the possibility that the electron mass could be radiatively
induced by the mass of the muon, was originally put forward by ’t Hooft in his seminal work
on the renormalizability of non-Abelian gauge theories [2]. Attempts of implementing this
idea in specific scenarios were pursued soon after by several authors [3]. Later on, realistic
models of radiative fermion-mass hierarchy were investigated in the framework of Grand
Unified theories (GUTs). In such cases, light fermion masses are induced at the quantum
level via the exchange of heavy particles with masses of the order of the GUT scale [4]. The
possibility of generating light fermion masses (and small mixing matrix elements) radiatively
has also been investigated in supersymmetric theories [5].
An alternative explanation for fermion-mass hierarchies relies on imposing new symme-
tries which act on flavor space and, thus, constrain the structure of the Yukawa couplings. In
this context, the most popular scenario is perhaps the one in which the shaping symmetries
are Abelian U(1)’s broken by the vacuum expectation value (VEV) of some scalar flavon
fields, 〈S〉. Below the typical mass scale M of these scalars, effective Yukawa couplings are
given by powers of small parameters ǫ ∼ 〈S〉/M ≪ 1 [6]. More recently, a great deal of
attention has been devoted to discrete symmetries in the explanation of neutrino masses
and mixing [7]. Some of these models postulate the existence of several Higgs doublets [8]
which couple to the fermion fields according to the rules imposed by broken or unbroken
symmetries depending, for instance, on whether the Yukawa couplings are generated at the
renormalizable level or not. The fermion mass pattern will then reflect the properties of the
Yukawa couplings and also of the vacuum configuration. It is common practice to consider
that a certain VEV pattern is not phenomenologically viable if it does not lead to the correct
values of fermion masses at tree level. For instance, if at tree level a charged lepton ei is
massless (or too light) in a multi-Higgs doublet model where only the neutral component of
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one of the doublets acquires a VEV, one would rule out the model. However, although not
contributing classically to the mass mei , Yukawa couplings between ei and the zero-VEV
Higgs doublets could induce, at the quantum level, a sizable coupling with the Higgs which
acquires a VEV, thus generating (or contributing to) mei after EWSB.
In this Letter we explore the possibility of radiative charged-lepton mass generation due
to the aforementioned corrections, considering also some simple examples in the 2HDM
and 3HDM. To conclude, we briefly comment on the implications of our results in NHDMs
extended with right-handed neutrinos.
II. RADIATIVE CHARGED-LEPTON MASS GENERATION IN NHDMs
Let us consider an extension of the SM with N Higgs doublets Φa = (φ
+
a , φ
0
a)
T transform-
ing as Φa ∼ (2, 1/2) under the SM gauge group SU(2)W× U(1)Y . The most general Yukawa
Lagrangian for quarks and leptons is
−L = (Yua)ij q¯LiΦ˜auRj + (Yda)ij q¯LiΦadRj + (Yℓa)ij ℓ¯LiΦaeRj +H.c. , (1)
where qLi, ℓLi denote the quark and lepton doublets, while uRi, dRi and eRi are the quark and
lepton right-handed singlets. As usual Φ˜a = iσ2Φ
∗
a = (φ
0∗
a ,−φ−a )T . The Yukawa matrices
Y
X
a are general 3× 3 complex matrices diagonalized by biunitary transformations
V
X†
a Y
X
a U
X
a = diag(y
X
a1, y
X
a2, y
X
a3) , (2)
with yXai real and positive. After EWSB, tree-level mass matrices are generated as
Md,ℓ =
N∑
a=1
vaY
d,ℓ
a , Mu =
N∑
a=1
v∗aY
u
a , (3)
where va = 〈φ0a〉 is the VEV of φ0a. From now on, we restrict ourselves to the study of cor-
rections to the charged-lepton Yukawa couplings. At the one-loop level, the renormalization
group equations (RGEs) for Yℓa read
16π2
dYℓa
dt
= βa , t = log
(µ
Λ
)
, (4)
where µ and Λ are the renormalization and reference energy scales, respectively. For the
NHDM, the corresponding beta function at one loop is [9]
β(1)a = αgY
ℓ
a + α
ab
Y Y
ℓ
b +Y
ℓ
aY
ℓ†
b Y
ℓ
b +
1
2
Y
ℓ
bY
ℓ†
b Y
ℓ
a , (5)
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with αg = −9g2/4− 15g′2/4, being g and g′ the SU(2)W and U(1)Y gauge couplings, and
αabY = 3Tr(Y
u†
a Y
u
b +Y
d
aY
d†
b ) + Tr(Y
ℓ
aY
ℓ†
b ) . (6)
In order to simplify our analysis, we henceforth consider the Higgs basis [10] where all VEVs
are zero except the one of some φ0a (va = v = 174 GeV) and Yukawa couplings are rotated
accordingly. Unless explicitly stated, we will always work in this basis (although our results
hold for a general vacuum configuration). Therefore, the charged-lepton mass matrix is
given by
Mℓ = vY
ℓ
a , V
ℓ†
a Y
ℓ
aU
ℓ
a = diag(ye, yµ, yτ ) , (7)
at tree level.
We are interested in studying the one-loop corrected Yukawa couplings, which we denote
by Y
ℓ(1)
a . The beta function of Yℓa given in eq. (5) contains terms depending on Y
ℓ
a (which
contribute to the tree-level masses) and terms which are proportional to Yℓb, namely α
ab
Y Y
ℓ
b.
These stem from Higgs wave-function diagrams with ingoing Φa, quarks and leptons in the
loop, and outgoing Φb. For b 6= a, such contributions induce corrections to Yℓa which are
independent from it. Under the reasonable assumption that the top quark couples with the
same strength to all Higgs doublets with yt ≃ 1, and considering all Yukawa matrices Yℓb
diagonal with elements given by ybi, the corrections to Y
ℓ
a coming from Y
ℓ
b can typically be
of the order of
δyai ∼ 3ybi
16π2
log
(
Λ
mH
)
, i = 1, 2, 3 , b 6= a , (8)
where Λ is a high scale at which the Yukawa couplings are initially given, and mH is the
typical scale of the extra scalars in the theory. This rough approximation illustrates the fact
that the Yukawa couplings with the Higgses which do not acquire VEVs (and, therefore, do
not contribute to masses at tree level) can induce important contributions to Yℓa, depending
on the scales Λ and mH , and on the size of the couplings Y
ℓ
b (b 6= a). As we will show later,
one could even generate charged-lepton masses solely from these new contributions.
In order to have three massive charged leptons, we require r(Y
ℓ(1)
a ) = 3, where r(A)
represents the rank of a matrix A. It is straightforward to check that quantum corrections
in the context of the NHDM may affect the rank of the Yukawa coupling matrices, and thus
induce lepton masses which are absent at tree-level. In particular, the beta function for Yℓa,
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at any loop order n, can be written in the form
β(n)a =
N∑
k=1
X
(n)
a,k Y
ℓ
k , (9)
where X
(n)
a,k are matrices in flavor space. For instance, from eq. (5), one has
X
(1)
a,k =
(
δak αg + α
ak
Y
)
1 +YℓaY
ℓ
k
†
+
1
2
δak Y
ℓ
aY
ℓ
a
†
. (10)
Notice that the structure of Y
ℓ(n)
a will be the same as that of eq. (9) with different X
matrices, X
′(n)
a,k . Since r(AB) ≤ min{r(A), r(B)}, it is clear that the rank of each term
in the sum of eq. (9) is, at most, equal to r(Yℓk). Finally, as rank is subadditive, i.e.
r(A+B) ≤ r(A) + r(B), one has
r(Yℓ(n)a ) = r
(
N∑
k=1
X
′(n)
a,k Y
ℓ
k
)
≤ min
{
3,
N∑
k=1
r(Yℓk)
}
. (11)
In fact, barring tailored cancellations among Yukawa structures, equality generally holds in
the above equation. This result implies that one can in principle generate charged-lepton
masses from low-rank tree-level Yukawa couplings. Hence, the number of massive charged
leptons will depend on these ranks and on the number of existing Higgs doublets. For
instance, to end up with nm massive charged leptons from rank-1 (tree-level) mass and
Yukawa matrices one would need 1 N ≥ nm. To make our point clear, let us consider a
couple of very simple and extreme examples where radiative mass generation is important.
Notice that it is not our goal to frame these examples in the context of specific models but
to provide a proof of concept for our claims. Further investigation on this subject will be
presented elsewhere [12].
In the 2HDM case [13] only one charged-lepton mass can be radiatively generated from
rank-1 Yukawa matrices in the Higgs basis. Instead, if 3 − n charged leptons are massive
at tree level, one needs r(Yℓ2) ≥ n to end up with all charged leptons massive. In the
3HDM all three charged leptons could acquire mass from rank-1 Yukawa matrices (in the
Higgs basis). To illustrate this, consider a 3HDM with a vacuum configuration of the type
(v1, v2, v3) = (0, 0, v) and with Yukawa couplings
2
Y
ℓ
1 = diag(ǫ1, 0, 0), Y
ℓ
2 = diag(0, ǫ2, 0),
1 This condition is necessary but not sufficient due to the aforementioned possibility of cancellations. In
fact, rank is not strictly additive if and only if the matrices column spaces or row spaces intersect (see for
instance [11]). This happens in the trivial case Yℓ
2
∝ Yℓ
1
.
2 Notice that in the following examples the zero entries in the Yukawa matrices should perhaps not be taken
as strict zeros but interpreted as the limit of having very suppressed entries. We also remark that our
results are valid for more complicated flavor structures which we do not consider here.
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Y
ℓ
3 = diag(0, 0, ǫ3). For simplicity, we consider all parameters real neglecting possible CP-
violating effects in the leptonic sector [14]. Within this setup, it is straightforward to see
that only the tau is massive at tree level. Taking into account the beta function given
in eq. (5) and the fact that, due to the vacuum configuration, only Yℓ3 is relevant for the
charged-lepton masses, we obtain
m(1)ei ≃
v
16π2
α3iY ǫi log
(
Λ
mH
)
, i = 1, 2 , (12)
at one loop in the leading-log approximation. Notice that we are not interested here in pos-
sible flavor changing neutral current constraints [15] since these can be avoided considering
the decoupling limit of NHDMs [16]. In our examples we will assume Λ = ΛGUT ∼ 1016 GeV
and mH ∼ 1 TeV. Roughly taking α3iY ∼ O(1) we would get the right charged-lepton masses
for (ǫ1, ǫ2, ǫ3) ≃ (1.55 × 10−5, 3.20 × 10−3, 0.01). The hierarchy in the ǫi’s could be possi-
bly explained imposing U(1) symmetries à la Froggatt-Nielsen [6]. If the structure of the
couplings Yℓa were non-diagonal, not only masses would be generated but also corrections
to lepton mixing would arise. Although a general treatment of how mixing is corrected in
the NHDM can be carried out, we just present a simple example which illustrates the effect.
Consider the same 3HDM as before with the following rank-1 Yukawa matrices,
Y
ℓ
1 =


ǫ1 0 0
−ǫ1ǫ/
√
2 0 0
−ǫ1ǫ/
√
2 0 0

 , Yℓ2 =


0 ǫ2ǫ/
√
2 0
0 ǫ2 0
0 0 0

 , Yℓ3 =


0 0 ǫ3ǫ/
√
2
0 0 0
0 0 ǫ3

 . (13)
Due to the (0, 0, v) vacuum, only one charged lepton is massive at tree level. Taking radiative
effects into account, the Yukawa matrix Yℓ3 would be corrected to Y
ℓ(1)
3 = Y
ℓ
3− δYℓ3, where
δYℓ3 ≃
1
16π2


α31Y ǫ1
α32Y ǫ2ǫ√
2
ǫ3ǫ(ǫ
2
2ǫ
2 + 6ǫ23)
4
√
2
−α
31
Y ǫ1ǫ√
2
α32Y ǫ2
1
4
ǫ22ǫ3ǫ
2
−α
31
Y ǫ1ǫ√
2
0
3
2
ǫ33


log
(
Λ
mH
)
, (14)
with α3iY given in eq. (6). Recalling that the mass matrix is M
(1)
ℓ = vY
ℓ(1)
3 , the following
masses are obtained
m(1)e ≃
α31Y ǫ1
16π2
√
1 + ǫ2 v log
(
Λ
mH
)
, m(1)µ ≃
α32Y ǫ2
16π2
√
2 + ǫ2
2
v log
(
Λ
mH
)
, (15)
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at the one-loop level. Taking (ǫ1, ǫ2, ǫ3) ≃ (6.6 × 10−4, 0.14, 0.01), α3iY ∼ O(1) and ǫ ≪ 1,
these expressions reproduce the observed values for me,µ,τ . The difference between this
example and the previous one is that the flavor structure of the charged-lepton mass matrix
is no longer trivial. In fact, it can be shown that the left-handed rotation which brings M
(1)
ℓ
to the diagonal basis is
VL ≃


−1 + ǫ
2
2
ǫ√
2
ǫ√
2
ǫ√
2
1− ǫ
2
4
0
ǫ√
2
−ǫ
2
2
1− ǫ
2
4


. (16)
This rotation would be extremely important if, for instance, the neutrino mass matrix exhib-
ited a tribimaximal (TBM) mixing pattern [17] (which is now experimentally excluded due
to the fact that the reactor neutrino angle is nonzero). If this were the case in our example,
then the lepton mixing matrix would have to be corrected from UTBM to V
†
LUTBM, in order
to account for the transformation to the diagonal basis of the charged-lepton left-handed
fields. This would result in the following mixing angles
sin2 θ12 ≃ 1
3
+
2
√
2
9
ǫ , sin2 θ23 ≃ 1
2
− ǫ
2
4
, sin2 θ13 ≃ ǫ2 , (17)
which, for |ǫ| ≃ 0.15, lead to the right value for the reactor neutrino angle θ13, keeping the
remaining mixing angles within their experimentally allowed ranges [18]. This simple ex-
ample shows how a scenario which would be excluded by tree-level considerations becomes
phenomenologically viable when quantum corrections to the charged-lepton Yukawa cou-
plings are included. We point out that we have started from a situation where the muon
and the electron were massless and θ13 = 0, to end up with a case where me, mµ and θ13 are
radiatively generated.
Although we have presented examples with massless charged leptons at tree level – which
would certainly call for a justification – we stress that, even if this is not the case, the RGE
corrections to the Yukawas in NHDMs should always be kept in mind. To illustrate this,
consider a 2HDM with real and diagonal Yukawa matrices Yℓa = diag(ya1, ya2, ya3) in the
Higgs basis where 〈φ02〉 = 0. The one-loop corrected Yukawas will be
y
(1)
1i ≃ y1i −
(δ1bαg + α
1b
Y )
16π2
ybi log
(
Λ
mH
)
. (18)
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Taking the natural value α12Y ∼ O(1), it is apparent from the above estimate that if y2i &
16π2y1i/ log(Λ/mH), the one-loop contributions to the Yukawa couplings will always be
important. For instance, if the electron couples with Φ1 and Φ2 with y1e = me/v ≃ 2.9×10−6
and y2e & 4.6 × 10−4/ log(Λ/mH), the correction to the electron Yukawa coupling is of the
same order (or larger) than the tree-level value. If Λ ∼ 1016 GeV and mH ∼ 1 TeV, this
would require y2e & 3.5 × 10−5, which can still be a very small number. Following the
same argument for the tau lepton, y2τ & 0.1 would lead to a correction of the order of
y1τ = mτ/v. In fact, even if each charged-lepton couples with the same strength with the
two Higgs doublets, the Yukawa couplings would become y
(1)
1i = y1i − δy1i, where
δy1i
y1i
≃ (αg + α
11
Y + α
12
Y )
16π2
log
(
Λ
mH
)
. (19)
With αg + α
11
Y + α
12
Y ≃ 4 (see eq. (6)), Λ ∼ 1016 GeV and mH ∼ 1 TeV, the induced δy1i
amounts to approximately 70% of the tree-level masses.
We now move into a brief digression on NHDMs extended with three right-handed neu-
trinos νRj of masses Mj ≫ v. In this case, the Yukawa Lagrangian reads
L′ = L −
[
(Yνa)ij ℓ¯LiΦ˜aνRj +H.c.
]
, (20)
where L has been given in eq. (1), and Yνa are the Dirac neutrino Yukawa coupling matrices.
In the SM, the presence of couplings Yν cannot generate charged-lepton masses radiatively
since the new terms in the beta function of Yℓ are of the form YνY
†
νYℓ. Thus, the charged-
lepton Yukawa eigenvalues will always be proportional to themselves [19]. In contrast, the
Y
ν
k in the NHDM will contribute to the renormalization of Y
ℓ
j both through wave-function
and vertex corrections above the right-handed neutrino mass scale. Following the rules given
in Refs. [20] for the calculation of RGEs in general gauge theories, one can show that the
new beta function β ′a, valid from the scale Λ > Mi to Mi, is at one loop
β ′(1)a = β
(1)
a + α
ab
ν Y
ℓ
b +
1
2
Y
ν
bY
ν†
b Y
ℓ
a − 2YνbYν†a Yℓb , (21)
with αabν = Tr(Y
ν†
a Y
ν
b ). Our result agrees with that presented in Ref. [21]. Notice that the
right-handed neutrinos add two new contributions to the beta function β
(1)
a which do not
depend on Yℓa (cf. eqs. (5) and (21)). However, these terms are only active from Λ to Mi.
Since seesaw light neutrino masses mν ∼ 0.05 eV require Mi ∼ 1014 GeV for Yνk ∼ O(1),
we can easily see that the corrections to the charged-lepton masses due to the Yνk ’s are at
most 10%.
III. CONCLUSIONS
In this Letter we have shown that, in NHDMs, charged-lepton masses can be radiatively
generated in a natural way due to the presence of Yukawa couplings of leptons and quarks
with the extra non-SM Higgs doublets. We stress that these corrections should be taken into
account in phenomenological studies of fermion mass and mixing models with more than
one Higgs doublet. This could, for instance, be the case of some neutrino mass and mixing
scenarios based on discrete symmetries. Hence, corrections to tree-level eigenvalues induced
by the Yukawa couplings of all Higgs doublets should generally be considered in this class
of models, especially if one aims at comparing model predictions with experiment. It is
also important to mention that, besides affecting charged-lepton masses, the RGE running
may have dramatic effects on the left-handed rotation which brings the charged-lepton mass
matrix to its diagonal form [21]. This will obviously alter the predictions for lepton mixing
parameters, which have to be confronted with neutrino oscillation data. More detailed
studies on this subject and its impact on fermion mass models with more than one Higgs
doublet will be presented elsewhere [12].
Note added: While this Letter was being finalized, a related work appeared [22], where
it is shown that quark masses and mixing can also be generated radiatively through the
same effect discussed here.
ACKNOWLEDGMENTS
We thank L. Lavoura and J.P. Silva for discussions. This work has been supported
by the projects EXPL/FIS-NUC/0460/2013, CERN/FP/123580/2011 and PEst-OE-FIS-
UI0777-2013, financed by Fundação para a Ciência e a Tecnologia (FCT, Portugal).
[1] G. Aad et al. [ATLAS Collaboration], Phys. Lett. B 716, 1 (2012); S. Chatrchyan et al. [CMS
Collaboration], Phys. Lett. B 716, 30 (2012).
[2] G. ’t Hooft, Nucl. Phys. B 35, 167 (1971).
9
[3] S. Weinberg, Phys. Rev. Lett. 29, 388 (1972); H. Georgi and S. L. Glashow, Phys. Rev. D 6,
2977 (1972); Phys. Rev. D 7, 2457 (1973); R. N. Mohapatra, Phys. Rev. D 9, 3461 (1974);
S. M. Barr and A. Zee, Phys. Rev. D 15, 2652 (1977).
[4] S. M. Barr, Phys. Rev. D 21, 1424 (1980); R. Barbieri and D. V. Nanopoulos, Phys. Lett. B
91, 369 (1980); R. Barbieri, D. V. Nanopoulos and D. Wyler, Phys. Lett. B 103, 433 (1981);
L. E. Ibáñez, Nucl. Phys. B 193, 317 (1981).
[5] See e.g. D. V. Nanopoulos and M. Srednicki, Phys. Lett. B 124, 37 (1983); A. Masiero,
D. V. Nanopoulos and K. Tamvakis, Phys. Lett. B 126, 337 (1983); F. Borzumati, G. R. Farrar,
N. Polonsky and S. D. Thomas, Nucl. Phys. B 555, 53 (1999); A. Crivellin, L. Hofer, U. Nierste
and D. Scherer, Phys. Rev. D 84, 035030 (2011).
[6] C. D. Froggatt and H. B. Nielsen, Nucl. Phys. B 147, 277 (1979).
[7] For reviews see e.g. G. Altarelli and F. Feruglio, Rev. Mod. Phys. 82, 2701 (2010); S. F. King,
A. Merle, S. Morisi, Y. Shimizu and M. Tanimoto, arXiv:1402.4271 [hep-ph].
[8] R. González Felipe, H. Serôdio and J. P. Silva, Phys. Rev. D 88, no. 1, 015015 (2013); H. Serô-
dio, Phys. Rev. D 88, 056015 (2013); V. Keus, S. F. King and S. Moretti, JHEP 1401, 052
(2014).
[9] W. Grimus and L. Lavoura, Eur. Phys. J. C 39, 219 (2005).
[10] L. Lavoura and J. P. Silva, Phys. Rev. D 50, 4619 (1994).
[11] D. Callan, Coll. Math. J. 22, 145 (1998).
[12] F.R. Joaquim and J.T. Penedo; in progress.
[13] For a review see G. C. Branco, P. M. Ferreira, L. Lavoura, M. N. Rebelo, M. Sher and J. P. Silva,
Phys. Rept. 516, 1 (2012).
[14] G. C. Branco, R. G. Felipe and F. R. Joaquim, Rev. Mod. Phys. 84, 515 (2012).
[15] F. Mahmoudi and O. Stal, Phys. Rev. D 81, 035016 (2010); A. Crivellin, A. Kokulu and
C. Greub, Phys. Rev. D 87, no. 9, 094031 (2013); F. J. Botella, G. C. Branco, A. Carmona,
M. Nebot, L. Pedro and M. N. Rebelo, arXiv:1401.6147 [hep-ph].
[16] H. E. Haber and Y. Nir, Nucl. Phys. B 335, 363 (1990).
[17] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002).
[18] D. V. Forero, M. Tórtola and J. W. F. Valle, Phys. Rev. D 86, 073012 (2012); M. C. Gonzalez-
Garcia, M. Maltoni, J. Salvado and T. Schwetz, JHEP 1212, 123 (2012); F. Capozzi,
G. L. Fogli, E. Lisi, A. Marrone, D. Montanino and A. Palazzo, arXiv:1312.2878 [hep-ph].
10
[19] See e.g. S. Antusch, J. Kersten, M. Lindner, M. Ratz and M. A. Schmidt, JHEP 0503, 024
(2005); F. R. Joaquim, JHEP 1006, 079 (2010).
[20] T. P. Cheng, E. Eichten and L. -F. Li, Phys. Rev. D 9, 2259 (1974); M. E. Machacek and
M. T. Vaughn, Nucl. Phys. B 236, 221 (1984).
[21] A. Ibarra and C. Simonetto, JHEP 1111, 022 (2011).
[22] A. Ibarra and A. Solaguren-Beascoa, arXiv:1403.2382 [hep-ph].
11
